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This work deals with the development, ﬁnite element implementation and application of a generalised
beam theory (GBT) formulation intended to analyse the localised, local, distortional and global buckling
behaviour of thin-walled steel beams and frames subjected to transverse loads applied at various mem-
ber cross-section points (away from its shear centre). In order to take into account the effects stemming
from the transverse load position, the GBT buckling formulation must incorporate geometrical stiffness
terms stemming from either (i) the internal work of the pre-buckling transversal normal stresses (‘‘exact’’
formulation) or (ii) the external work of the applied transverse loads (approximate/simpliﬁed formula-
tion). After presenting the main concepts and procedures involved in the development of the above
‘‘exact’’ and simpliﬁed formulations, the paper addresses the corresponding numerical implementations.
Then, in order to illustrate their application and capabilities, as well as the limitations of the simpliﬁed
formulation, various numerical result sets are presented and discussed. The accuracy of the GBT-based
results is assessed through the comparison with ‘‘exact’’ values, yielded by rigorous shell ﬁnite element
analyses carried out in the code ANSYS.
 2012 Elsevier Ltd. All rights reserved.1. Introduction locations – e.g., beams acted by transverse loadings acting at theThe structural efﬁciency of a given slender steel structure can
only be adequately assessed after acquiring in-depth information
concerning its buckling behaviour, a task involving (i) the identiﬁ-
cation of the relevant buckling modes and (ii) the evaluation of the
associated bifurcation stresses. However, since these structures are
often built from thin-walled open-section members, which exhibit
a very low torsion stiffness and are strongly susceptible to global,
local, distortional and localised (e.g., web crippling) buckling phe-
nomena, the assessment of their structural response constitutes a
very complex task that involves the performance of either (i) costly
and carefully planned experimental tests or (ii) sophisticated,
time-consuming (including data input and result interpretation)
and computer-intensive shell ﬁnite element analyses – while the
latter approach is still prohibitive for routine applications, the for-
mer one is obviously restricted to research purposes. A very prom-
ising alternative is the use of one-dimensional models (beam ﬁnite
elements) based on generalised beam theory (GBT) – GBT is a beam
theory incorporating genuine folded-plate concepts (e.g., Camotim
et al., 2010a,b).
In practice, the members of any given slender steel structure are
usually subjected to loads applied at various cross-sectionll rights reserved.
tim).top ﬂange. Even so, it seems fair to say that virtually all the infor-
mation available on how the locations of the points of load appli-
cation inﬂuence the member stability deals with global buckling,
almost always beam lateral–torsional buckling – aside from classi-
cal results included in books or manuals (e.g., Trahair 1993), the
works of Wang and Kitipornchai (1986), Heinz and Mark (1990),
Mohri et al. (2003), and Andrade et al. (2007) deserve mention. It
is worth noting that Heinz and Mark (1990) developed a GBT-
based formulation that accounts for the inﬂuence of the load point
of application  however, it was restricted to global buckling and
the sole illustration consisted of the lateral–torsional buckling
behaviour of a strip beam under a uniformly distributed load ap-
plied at its top surface. As far as the local, distortional and localised
buckling phenomena are concerned, the amount of research on the
effects stemming from the transverse load position is still rather
scarce. In this context, it is worth mentioning the works of (i)
Gonçalves (2007), who used an approximate one-dimensional
model to study the distortional buckling behaviour of hat-section
cantilevers acted by a tip point load, (ii) Samanta and Kumar
(2006), who used shell ﬁnite element models to investigate the
lateral–torsional–distortional buckling of singly symmetric
I-section single-span beams acted by transverse loads applied at
their top and bottom ﬂanges, (iii) Silva et al. (2008a), who devel-
oped a GBT-based beam ﬁnite element to analyse the effect of
the load point of application in the local, distortional, global and
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(iv) Natário et al. (2012), who used a GBT-based beam ﬁnite ele-
ment to analyse the localised web buckling (web crippling) of
cold-formed steel beams under concentrated loads – however,
the last two works adopt cross-section discretisations stemming
from ‘‘non-conventional’’ GBT cross-section analyses, which neces-
sarily involve large sets of deformations modes.
The authors have recently developed and numerically imple-
mented GBT-based beam ﬁnite elements to analyse the local,
distortional and global buckling behaviour of continuous (multi-
span) beams and frames (e.g., Camotim et al. 2008, 2010c).
However, such ﬁnite elements have two important limitations:
they (i) can only be applied to thin-walled structural systems acted
by transverse loads applied at the member shear centre axes and
(ii) are not able to capture localised buckling phenomena (e.g.,
web crippling).
The aim of this work is to overcome the above limitations, by
developing, numerically implementing and illustrating the appli-
cation of a GBT formulation that (i) is based on the ‘‘conventional’’
GBT cross-section analysis, (ii) takes into account the effects
stemming from the transverse load position, with respect to the
cross-section shear centre, and (ii) is capable of handling localised
buckling effects. This formulation must incorporate geometrical
stiffness terms associated with either (i) the internal work of the
pre-buckling transversal normal stresses (‘‘exact’’ formulation) or
(ii) the external work of the applied transverse loads (approxi-
mate/simpliﬁed formulation). After presenting the main concepts
and procedures involved in the development of the above ‘‘exact’’
and simpliﬁed formulations, the paper addresses their numerical
implementation and application – although considerably easier,
the simpliﬁed formulation still provides fairly accurate results in
most cases (the exceptions being some web crippling problems).
The numerical results presented and discussed concern (i) strip
(thin rectangular) beams, (ii) hat-section cantilevers, (iii) two-span
I-beams and (iv) ‘‘L-frames’’ formed by two I-section members, all
acted by transverse loads applied at two locations, and make it
possible to illustrate the capabilities of the ‘‘exact’’ and simpliﬁed
GBT formulations, as well as the limitations of the latter. The accu-
racy of the GBT-based results is assessed through the comparison
with ‘‘exact’’ values, yielded by rigorous shell ﬁnite element anal-
yses carried out in the code ANSYS (SAS, 2009).2. GBT buckling analysis
In a GBT formulation, the cross-section displacement ﬁeld is
expressed as a combination of deformation modes, leading to a
very convenient and most unique form of expressing the member
equilibrium equations  this is achieved by performing a cross-
section analysis (special discretisation) which allows for a much
better understanding of the member structural behaviour. The
cross-section analysis comprises a set of sequential operations,
already described in detail by Silvestre and Camotim (2003) and,
more recently, by Gonçalves et al. (2009). Nevertheless, it is worth
drawing the reader’s attention to the following aspects, concerning
the concepts and procedures involved in the analyses of open-
sections:
(i) The cross-section is discretised into (i1) natural nodes (sepa-
rating adjacent walls), (i2) intermediate nodes (located
within the walls) and (i3) end nodes (wall free ends).
(ii) There are three deformation mode families, namely (ii1) the
conventional modes (those originally considered by Schardt
(1989)), (ii2) the (warping) shear modes and (ii3) the trans-
verse extension modes  the last two families were ﬁrst
introduced by Silvestre and Camotim (2003).(iii) The conventional modes, which are based on the
assumptions of null membrane shear strains and transverse
extensions, constitute the core of GBT and can still be subdi-
vided into (iii1) global modes (cross-section rigid-body
motions: axial extension, major/minor axis bending and
torsion), (iii2) distortional modes and (iii3) local modes 
the last two categories involve cross-section in-plane defor-
mation (distortion and/or transverse wall bending).
(iv) The shear modes concern the non-linear variation of the
warping displacements along the cross-section wall mid-
lines. They are obtained by imposing unit warping displace-
ments u(s) and null membrane transverse displacements
v(s) at each node (s is the coordinate along the cross-section
midline)  this automatically implies null ﬂexural displace-
ments w(s), i.e., one has only u(s)– 0.
(v) The transverse extension modes involve only in-plane dis-
placements (i.e., u(s) = 0) and account for the cross-section
deformation associated with the transverse extensions of
its walls. They are obtained through the imposition of unit
membrane transverse displacements v(s) and null warping
displacements u(s) at each node  displacements w(s), con-
stant along the wall mid-lines, may be required to ensure
transverse displacement compatibility at the natural nodes.
Fig. 1 shows the dimensions and GBT discretisations of the strip
section, hat-section and I-sections dealt with in this work 
Young’s modulus E = 210 GPa and Poisson’s ratio v = 0.3 are always
assumed. Figs. 2–4 show the main features of the deformation
modes that are more relevant to the buckling analyses presented
and discussed in this paper.
In order to obtain a displacement ﬁeld representation compati-
ble with the classical beam theory, GBT adopts the variable
separation
uðx; sÞ ¼ ukðsÞ/k;xðxÞ vðx; sÞ ¼ vkðsÞ/kðxÞ
wðx; sÞ ¼ wkðsÞ/kðxÞ; ð1Þ
where (i) x and s denote coordinates along the member length and
cross-section midline, (ii) uk(s), vk(s) and wk(s) are functions provid-
ing the longitudinal, transverse membrane and transverse ﬂexural
displacements characterising deformation mode k, (iii) (),x  d()/
dx, (iv) the summation convention applies to subscript k and (v)
/k(x) are deformation mode amplitude functions deﬁned along
the member length.
After performing the cross-section analysis, i.e., determining the
deformation mode shapes and evaluating the corresponding
mechanical properties, the member buckling eigenvalue problem
can be readily established and solved. Indeed, the usual application
of the principle of virtual work leads to
dV ¼dUþdPrxþdPrsþdPs
¼
Z
X
rijdeijdXþ
Z
X
r0xxdexxdXþ
Z
X
r0ssdessdXþ
Z
X
s0xsdcxsdX¼0; ð2Þ
where (i) X is the structural system volume (n plates), (ii) dU is the
ﬁrst variation of the strain energy, given by the tensor product
between the internal stresses rij (rxs  sxs) and strain variations deij
(dexs  dcxs) associated with the buckling action/mode, and (iii)
dPrx, dPrs and dPs are the works done by the pre-buckling
longitudinal normal (r0xx), transverse normal (r0ss) and shear (s0xs)
stresses.
3. Incorporation of load application effects
For quite a while, the performance of GBT buckling analyses
was restricted to thin-walled members (and later also thin-walled
frames) subjected to uniform internal forces and moments, a
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Fig. 1. Dimensions of the strip, hat and I cross-section and discretisation adopted in the GBT analyses.
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Fig. 2. Main features of the most relevant strip section deformation modes.
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Fig. 3. Main features of the most relevant hat-section deformation modes.
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oped a GBT formulation capable of analysing single-span members
subjected to non-uniform major and/or minor axis bending caused
by transverse loadings. Recently, Camotim et al. (2008, 2010c)
extended this formulation to include non-uniform bi-moment
diagrams and, moreover, widened its domain of application to cov-
er multi-span members, plane frames and space frames. However,
this improved GBT formulation still had one fairly severe limita-tion: it could only accommodate transverse loads applied at the
cross-section shear centre, which means that the effects stemming
from the load locations, with respect to the cross-section shear
centres, could not be captured  it has been well know for a long
time that these effects are relevant in the lateral–torsional buck-
ling of beams (e.g., Trahair, 1993), but there is very little knowledge
about their inﬂuence on distortional or local buckling. Moreover,
there was another (less severe) limitation: the inability to capture
2 4 5 6 7 3 1 8 9 10 11
Global Local
18 22 32 33 34 35 36 
Shear Transverse extension 
Fig. 4. Main features of the most relevant I-section deformation modes.
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Fig. 5. General external applied load density q(x,s)  q and its components qx, qs
and qz.
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which often occur in the webs of cross-section subjected to
concentrated transverse loads (patch loading).
Silva et al. (2008a) and Natário et al. (2012) recently proposed
different GBT formulations to analyse isolated members subjected
to transverse loadings applied away from the cross-section shear
centre and able to capture localised buckling phenomena stem-
ming from patch loading (e.g., web crippling). However, these for-
mulation (i) are based on novel GBT cross-section analyses that
somehow depart from the original ‘‘GBT spirit’’ (e.g., Silva et al.
2008b) and entail the need to consider rather large deformation
mode sets (i.e., a very reﬁned cross-section discretisation) to per-
form the rigorous GBT ﬁrst-order (linear) analysis required to
determine accurately the various pre-buckling stress distributions
 in general, reducing the number of deformation modes included
in the analysis leads to inaccurate results. This feature makes their
application to multi-span members and/or frames computationally
too costly and, moreover, (ii) also contributes to ‘‘clouding’’ the
structural interpretation of the results obtained, one of the most
unique and remarkable features of the GBT analyses.
In view of the limitations/difﬁculties associated with the appli-
cation of the above GBT formulations to more complex thin-walled
structures, such as multi-span members or frames, it was decided
to develop two original alternative approaches. Therefore, the
following section is devoted to presenting the main steps involved
in the development of the novel GBT formulations proposed in this
work  one deemed ‘‘exact’’ and the other containing approxima-
tions/simpliﬁcations (but still yielding accurate solutions for many
problems).
3.1. ‘‘Exact’’ formulation
Next, one addresses the concepts and describes the procedures
involved in the development and implementation of a proposed
‘‘exact’’ GBT-based formulation/approach to assess the buckling
behaviour of multi-span members and/or frames:
(i) Perform the ‘‘conventional’’ GBT cross-section analysis/dis-
cretisation, as developed by Silvestre and Camotim (2003),
instead of adopting either of the recently proposed
approaches. The main advantages of using the ‘‘traditional’’
GBT deformation mode families are (i1) a considerable
reduction in the number of deformation modes (i.e., degrees
of freedom  d.o.f.) involved in performing both the ﬁrst-
order and (mostly) the buckling analyses, which is a non-
negligible aspect in applications to multi-span member
and frames, without sacriﬁcing the accuracy of the results
obtained, and (i2) retaining the ‘‘structural clarity’’ that char-
acterises (is trademark of) the GBT analyses.
(ii) In order to incorporate the frame joint behaviour into the
frame analysis, one must (ii1) ‘‘transform’’ the modal degreesof freedom into nodal ones (generalised displacements of the
point where the joint is deemed located), by means of a
‘‘joint element’’ concept (Basaglia et al., 2008), and (ii2)
impose joint compatibility conditions to enforce compatibility
between the end section displacements and rotations caused
by warping (due to torsion and/or distortion) and wall
transverse bending (Basaglia et al., 2010).
(iii) Perform a rigorous ﬁrst-order analysis deﬁned byCik/
0
k;xxxx  Dik/0k;xx þ Bik/0k ¼ qi; ð3Þ
where (iii1) subscripts i and k identify the various deformation
modes, (iii2)/
0
k are theﬁrst-order (pre-buckling)modal ampli-
tude functions, to be included later in the buckling analysis,
(iii3) qi is an external applied load vector and (iii4) the sec-
ond-order tensorsCik,Bik andDik account for the linear stiffness
values associated with longitudinal extensions, transverse
extensions, shear strains and coupling between longitudinal
and transverse extensions (Poisson effects), respectively.
These tensor components are given by (E, t and G are Young’s
modulus, Poisson’s ratio and shear modulus)
Cik ¼ E1 t2
Z
S
t uiukdsþ E12ð1 t2Þ
Z
S
t3wiwkds
Bik ¼ E1 t2
Z
S
tv i;svk;sdsþ E12ð1 t2Þ
Z
S
t3wi;sswk;ssds
Dik ¼ DIik  ðDIIik þ DIIkiÞ
DIik ¼ G
Z
S
t ðui;s þ v iÞ:ðuk;s þ vkÞdsþ G3
Z
S
t3wi;swk;sds
DIIik ¼
tE
1 t2
Z
S
t uivk;sdsþ tE12ð1 t2Þ
Z
S
t3wiwk;ssds: ð4Þ
Concerning the qi, consider the general external applied load
density per unit surface area q(x, s)  q depicted in Fig. 5,
which can be conveniently decomposed into the coordinate
axis directions  load density components qx, qs and qz. Thus,
the load vector qi, which is capable of handling any load
component distribution applied over the member cross-sec-
tion and/or axis, expressed as
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Z
S
ðqsv i þ qzwi  qx;xuiÞds: ð5Þ(iv) Establish and solve the buckling eigenvalue problem deﬁned
by Eq. (2)  its variational form leads to a system of
differential equilibrium equations (one per deformation
mode) given byCik/k;xxxx  Dik/k;xx þ Bik/k  k½Xrxjik ð/0j;xx/k;xÞ;x  Xsjkið/0j;x/kÞ;x
þ Xsjik/0j;x/k;x þ Xrsjik /0j /k ¼ 0; ð6Þ
where (iv1) k is the load parameter, (iv2) the third-order ten-
sors Xrxjik , X
rs
jik and X
s
jik, included in the geometric stiffness
terms, concern the works done by the longitudinal normal,
transverse normal and shear stresses over the variations of
the non-linear longitudinal extensions (eNLxx ¼ ðv2;x þw2;xÞ=2),
transverse extensions (eNLss ¼ w2;s=2) and shear strains
(cNLss ¼ w;xw;s), respectively, (iv3) Cik, Bik and Dik include only
contributions from the conventional modes considered in
the buckling analysis (the shear and transverse extension
deformation modes never participate in the buckling modes
of steel/isotropic thin-walled structures), and (iv4) the sub-
scripts in Xrxjik , X
rs
jik and X
s
jik concern the deformation modes
employed to obtain the pre-buckling stress distributions (j)
and included in the buckling analysis (i and k)  the latter
are less than the former. The components of these third-order
tensors are given by
Xrxjik ¼
E
1 t2
Z
b
t ujðv ivk þwiwkÞds
Xrsjik ¼
E
1 t2
Z
b
tv j;swi;swk;sds
Xsjik ¼ G
Z
b
tðuj;s þ v jÞwi;swkds: ð7Þ1 Preliminary studies showed that the two approaches (inclusion of the shear(v) At this stage, it is worth underlining that the number of d.o.f.
(deformation modes) involved in the performance of a GBT
buckling analysis based on the proposed approach is much
smaller than that required by the application of the method-
ologies prescribed by Silva et al. (2008a) and Natário et al.
(2011). Indeed, the latter stipulate that all deformation
modes obtained from the cross-section analysis must be sub-
sequently included in both the ﬁrst-order and buckling GBT
member analyses  in other words, the subscripts i, j and k
appearing in Eqs. (4) and (7) must span the whole deforma-
tion space. The considerable d.o.f. reduction achieved consti-
tutes the main advantage of this GBT formulation, since it
makes the application to multi-span members and frames
much more appealing (and viable) in computational terms,
while retaining the unique ‘‘structural clarity’’ features.
3.1.1. GBT-based beam ﬁnite element
The member/frame ﬁrst-order and buckling analyses are
performed by means of a GBT-based beam ﬁnite element formula-
tion analogous to that recently developed and implemented by
Basaglia et al. (2011)  the main steps and procedures involved
in this formulating this beam ﬁnite element are:
(i) Approximate the modal amplitude functions /k(x) and /
0
kðxÞ
by means of linear combinations of (i1) Lagrange cubic
polynomial primitives, for the axial extension and warping
shear deformation modes (those involving exclusively
warping displacements u) and (i2) Hermite cubic polynomi-
als, for the remaining conventional and transverse extension
modes. Then, one hasmodes in ﬁrst-order pre-buckling analysis or longitudinal stress equilibrium equa-
tions) lead to virtually identical (i) shear stress distribution and (ii) buckling results
when the transverse loads are applied at the cross-section shear centres./kðxÞ ¼ waðnÞd
ei
ka ¼ w1deik1 þ w2deik2 þ w3deik3 þ w4deik4; ð8Þwhere (i1) wa are either the Lagrange cubic polynomial prim-
itives or the Hermite polynomials depicted in Fig. 6(a) and (b),
and (i2) d
e:i
ka are the generalised displacements of ﬁnite ele-
ment i  the Lagrange and Hermite cubic polynomials are
expressed as (n = x/Le, where Le is the ﬁnite element length)
w1;x ¼ 12 ð1 nÞð3n 1Þð3n 2Þ w2;x ¼ 92 nðn 1Þð3n 2Þ
w3;x ¼ 92 nð1 nÞð3n 1Þ w4;x ¼ 12 nð3n 1Þð3n 2Þ
ð9Þ
w1 ¼ Leðn3  2n2 þ nÞ w2 ¼ ð2n3  3n2 þ 1Þ
w3 ¼ Leðn3  n2Þ w4 ¼ ð3n2  2n3Þ:
ð10Þ(ii) Concerning the axial extension and warping shear deforma-
tion modes, the generalised displacement compatibility
(continuity) at a node connecting two adjacent ﬁnite
elements (elements i1 and i) involves only the degrees of
freedom de:i1k:4 ¼ /k;xðLeÞ and de:ik:1 ¼ /k;xð0Þ (note that dek:2 ¼
/k;xðLe=3Þ and dek:3 ¼ /k;xð2Le=3Þ  see Fig. 6(a)). On the other
hand, the compatibility conditions related to the remaining
conventional and transverse extension modes must involve
(ii1) d
e:i1
k:3 ¼ /k;xðLeÞ and de:ik:1 ¼ /k;xð0Þ, and (ii2) de:i1k:4 ¼ /kðLeÞ
and de:ik:2 ¼ /kð0Þ. Thus, the ﬁnite element modal generalised
displacement vector readsdðeÞk ¼ ½dk1 dk2 dk3 dk4T : ð11Þ
(iii) The corresponding ﬁnite element linear and geometric stiff-
ness matrices are given byKðeÞikab ¼ Cik
Z
Le
wa;xx wb;xx dxþ Bik
Z
Le
wa wb dx
þ DIik
Z
Le
wa;x wb;x dxþ DIIik
Z
Le
wa;xx wb dx
þ DIIki
Z
Le
wa wb;xx dx ð12Þ
GðeÞikab ¼ Xrxjik
Z
Le
wg;xx wa;x wb;x dxþ Xrsjik
Z
Le
wg wa wb dx

þ Xsjik
Z
Le
wg;x wa;x wb dx
þ Xsjki
Z
Le
wg;x wa wb;x dx

d0jg; ð13Þ
where (iii1) the roman (i, j, k) and greek (a, b,g) subscripts
identify the deformation mode and degree of freedom (modal
generalised displacement), respectively, and (iii2) d
0
jg are the
pre-buckling generalised displacement components.3.2. Approximate/simpliﬁed formulation
Since Bebiano et al. (2007) adopted the usual GBT simplifying
assumption of null membrane linear shear strains (cM:Lxs ¼ 0), the
pre-buckling shear stresses s0xs could not be evaluated through
the member (plane stress) constitutive relations. Instead, these
authors resorted to the longitudinal stress equilibrium equations
from classical beam theory to obtain s0xs (balance between the
pre-buckling longitudinal normal stress gradients and shear
stresses).1 However, because this formulation also assumes null
membrane transverse extensions (eMss ¼ 0), it can only handle
members acted by loads applied at the cross-section shear centre.
Then, the variational form of the equilibrium conditions involves
only conventional modes and reads (L is the member length)
-0.5
0
0.5
1
0 0 1 1Le/3 2Le/3 Le
Ψ1,x Ψ2,x Ψ3,x Ψ4,x
x
dk1 dk2 dk3 dk4 
-1
-0.5
0
0.5
1
0 0 1 1 1Le/2 3Le/4 Le
Ψ1
Ψ2
Ψ3
Ψ4
x
dk1 
dk2 
dk3
dk4 
Le/4 
(a) (b)
Fig. 6. Finite element shape functions and degrees of freedom associated with the modal amplitude functions approximated through (a) Lagrange and (b) Hermite cubic
polynomials.
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Fig. 7. Illustrative mono-symmetric hat-section beam: geometry and loading.
2 The component Xrx244 proposed by Bebiano et al. (2007) is not applicable to
transversally loaded beams with cross-sections not exhibiting major-axis symmetry.
For such cross-sections, Xrx244 must be corrected through the addition of a term
containing the shear centre coordinate, along the minor axis, with respect to cross-
section centroid (zC).
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dV ¼
Z
L

Cik/k;xxd/i;xx þ DIik/k;xd/i;x þ DIIik/kd/i;xx þ DIIki/k;xxd/i
þ Bik/kd/i þ k ½W0j Xrxjik /k;xd/i;x
W0j;xXsjikð/id/k;x þ /k;xd/iÞ

dx ¼ 0 W0j ¼ Cjj/0j;xx; ð15Þ
where (i) Cik, DIik, D
II
ik and Bik are second-order tensors providing the
member linear stiffness, and (ii) Xrxjik and X
s
jik are geometric stiffness
tensors stemming from the pre-buckling longitudinal normal
stresses r0xx (W
0
1, W
0
2, W
0
3 and W
0
4 concern the compressive axial
force, major/minor axis bending moment and bi-moment) and
shear stresses s0xs (major/minor axis bending moment and
bi-moment gradients minor/major axis shear and bi-shear). Their
components are given by
Cik ¼ E
Z
b
t uiukdsþ E12ð1 t2Þ
Z
b
t3wiwkds
Bik ¼ E12ð1 t2Þ
Z
b
t3wi;sswk;ssds
DIik ¼
G
3
Z
b
t3wi;swk;sds DIIik ¼
tE
12ð1 t2Þ
Z
b
t3wiwk;ssds ð16Þ
Xrxjik ¼
E
Cjj
Z
b
t ujðv ivk þwiwkÞds
Xsjik ¼
E
Cjj
Z
b
FjðsÞwi;swkds; ð17Þwhere Fj(s) is the ﬁrst moment of (i) a cross-section zone, with re-
spect to the major/minor axis (j = 2 or 3), or of (ii) a sectorial area
zone, with respect to the shear centre (j = 4).2
An interesting alternative to the ‘‘exact’’ GBT formulation is the
approximate/simpliﬁed approach presented next  it consists of
improving the formulation developed by Bebiano et al. (2007)
through the inclusion of the additional geometrical stiffness due
to the transverse load application effects. The main advantage of
this approach is the fact that (i) it does not require performing a
ﬁrst-order analysis to obtain the pre-buckling stress distributions
and, moreover, (ii) involves only the conventional deformation
modes. Indeed, the load application effects are taken into account
through the (external) works done by the applied loads over the
displacement variations associated with the deformation modes
participating in the buckling mode (which vary from case to case).
These works are calculated using kinematical models based on the
displacement patterns of the deformation modes participating in
the buckling mode  an extension of the approach adopted in
classical beam theory to assess the inﬂuence of the transverse load
position on the lateral–torsional (global) buckling behaviour of
beams (e.g., Trahair, 1993).
Without any loss of generality, the implementation of the
approximate/simpliﬁed approach is illustrated by means of its
application to the mono-symmetric hat-section beam depicted in
Fig. 7. Let x, y and z denote the beam longitudinal axis and the
wRL.5 wRR.5
w5,s
Fig. 9. Vertical displacements caused by the distortional mode 5.
wRR.7
wPR.7wPL.7
wRL.7
b -Δw
(a) (b)
Fig. 10. (a) Web vertical shortening and (b) vertical displacements (top and bottom
loading) attributed to local mode 7.
C
w4,s
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Fig. 8. Hat-section geometry and vertical displacements caused by the torsion mode.
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that the cross-section the shear centre C does not coincide with the
centroid G (its coordinates are yC = 0 and zC). The beam is subjected
to (i) two uniformly distributed loads qz/2, applied along the top
web-ﬂange longitudinal edges (PL and PR axes, located ez1 below
the shear centre) and (ii) two mid-span point loads Qz/2, applied
at the web-lip corners (points RL and RR, located ez2 below C).
The (external) work done by the four applied loads ( P) is given
by
P ¼ qz
2
Z
L
½wPLðxÞ þwPRðxÞ dxþ Qz2 ½wRL þwRR ; ð18Þ
where wPL(x), wPL(x), wRL and wRR are the vertical displacements of
the top web-ﬂange longitudinal edges and mid-span point web-
stiffener corners. Excluding the pre-buckling displacements (major
axis bending cross-section rigid-body translations along z), whose
inﬂuence on the beam buckling behaviour is disregarded (linear
buckling analysis), the above displacements may have contributions
from the GBT (i) torsion, (ii) distortional and (iii) local deformation
modes. Some of their in-plane deformed shapes are depicted in
Fig. 3, and the contributions from modes 4 (torsion), 5 (distortion)
and 7 (local) are addressed individually next  those stemming
from the remaining distortional and local modes are similar.
3.2.1. Torsion deformation mode (4)
As shown in Fig. 8, the displacements wPL.4 (x), wPR.4 (x), wRL.4
and wRR.4 correspond to the vertical displacements of (i) axes PL
and PR and (ii) points RL and RR caused by the torsional rotation,
which are given by (positive downwards)
wPL:4  bf2 sin w4;s 
ez1w24;s
2
wPR:4   bf2 sin w4;s 
ez1w24;s
2
ð19Þ
wRL:4  bf2 sin w4;s 
ez2w24;s
2
wRR:4   bf2 sin w4;s 
ez2w24;s
2
; ð20Þ
where bf is ﬂange width and w4,s is the cross-section rigid-body
torsional rotation.
3.2.2. Distortional deformation mode (5)
In the context of the simpliﬁed model adopted here, the vertical
displacements caused by this symmetric distortional mode are
determined approximately, by considering only the term due to
the rigid-body rotations of the vertical web chords about the
corresponding top ends (web-ﬂange corners)3  note that the
distortional mode 5 included in the buckling analyses exhibits wall
transverse bending, as shown in Fig. 3. Therefore, one has (see Fig. 9)3 Note that, for a transverse load applied at the horizontal ﬂange mid-point, the
vertical displacement would stem exclusively from the ﬂange transverse bending.wPL:5 ¼ wPR:5 ¼ 0 wRL:5 ¼ wRR:5   bw ðw5;sÞ
2
2
; ð21Þ
where bw is height of the webs and w5,s stands for their common ri-
gid-body rotation
3.2.3. Local deformation mode (7)
The displacements wPL.7(x), wPR.7(x), wRL.7 and wRR.7 are bounded
by the vertical shortening of the left and right webs due to their
transverse bending associated with this symmetric local mode 
see Fig. 10(a). The value of this vertical shortening D is given by
D ¼ 1
2
Z bw
0
ðw7;sÞ2ds: ð22Þ
Since it is not easy (or even possible) to determine the vertical
displacements of the cross-section corners where the loads are
applied, the simplifying assumption of attributing D/2 to each
web end is adopted.4 This assumption amounts to assuming null
vertical displacements at the web mid-height points. Accordingly,
the displacements of the points of application of the loads acting
at the web top and bottom ends read (see Fig. 10(b))
wPL:7 ¼ wPR:7  12
Z bw=2
0
ðw7;sÞ2ds
wRL:7 ¼ wRR:7   12
Z bw=2
0
ðw7;sÞ2ds: ð23Þ
It should be mentioned that the above assumption neglects the
inﬂuence of the coupling between the various local deformation
modes on the vertical displacements of the load points of
application (i.e., the off-diagonal geometric stiffness matrix terms4 In the ‘‘exact’’ formulation, this geometric stiffness contribution is included in the
work done by the transverse normal stresses over the corresponding extensions 
both are obtained from a GBT ﬁrst-order analysis including shear and transverse
extension modes.
LL/2
30 cm
0.5
cm
P
P
gnidaoLmottoBgnidaoLpoT
L/2
Fig. 11. Strip beam geometry, support conditions and loading.
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the results obtained, particularly when the beam critical buckling
mode shape includes several (equally relevant) local deformation
modes under the applied transverse loads.
The geometric stiffness term dPr–s appearing in (4) is then re-
placed by the ﬁrst variation of the work done by the applied trans-
verse loads (d P). Denoting by q0 and Q0 the load reference values,
which must correspond to /0j , it reads
d P ¼ k q0
2
Z
L
½wPL;x þwPR;x dxþ k Q02 ½wRL;x þwRR;x : ð24Þ
This term must be added to Eq. (14), which then becomes
dV ¼ dU þ d Prx þ d Ps þ d Prs ¼ 0; ð25Þ
where d Prs must be expressed in modal form, individualising the
contributions from all the relevant deformation modes (torsion,
distortional and/or local). If only modes 4, 5 and 7 (those addressed
earlier) were relevant, the additional term would be given by
d Prs ¼ kq0ð
Z
L
ez1w24;s/4d/4 dx
þ 1
2
Z
L
Z bw=2
0
w27;s/7d/7 ds dxÞ
þ kQ0ðez2w24;s/4d/4  bww25;s/5d/5
 1
2
Z bw=2
0
w27;s/7d/7 dsÞ: ð26Þ
Finally, the solution of (25), involving only conventional
deformation modes, can be obtained by means of the GBT based
beam ﬁnite elements developed by (i) Camotim et al. (2008), for
continuous beams, and by (ii) Camotim et al. (2010c), for frames:
2-node elements and linear combinations of Hermite cubic
polynomials to approximate the (conventional) deformation mode
amplitude functions /k(x).4. Illustrative examples
In order to illustrate the application and capabilities of the pro-
posed GBT formulations, four sets of numerical results are pre-
sented and discussed in this section. They concern the local,
distortional, global and localised buckling behaviour of (i) strip
(thin rectangular) beams, (ii) hat-section cantilevers, (iii) two-span
I-beams and (iv) ‘‘L-frames’’ formed by two I-section members, all
acted by transverse loads applied at two locations. The GBT-based
results are compared with values yielded by rigorous ANSYS (SAS,
2009) shell ﬁnite element analyses – members/frames discretised
into ﬁne SHELL181 element meshes.
4.1. Strip beams
The thin-walled steel strip beams analysed (i) are simply sup-
ported, (ii) have ﬁve length values (L = 30, 60, 90, 120, 150 cm),
(iii) exhibit a S300 cross-section (see Fig. 1) and (iv) are acted by
mid-span transverse point loads applied at either the top or bot-
tom longitudinal edges (see Fig. 11).
Table 1 shows the GBT and ANSYS critical loads for the ﬁve
lengths and two loadings considered. Figs. 12–14 show representa-
tions of the L = 30, 90, 150 cm beam buckling modes: (i) ANSYS 3D
views and (ii) GBT modal amplitude functions /k(x), obtained by
means of the ‘‘exact’’ and simpliﬁed formulations. The observation
of this set of beam buckling results leads to the following
comments:(i) Very accurate beam critical loads are provided by the ‘‘exact’’
GBT analyses involving 20 beam ﬁnite elements and includ-
ing only (i1) 7 conventional (2–8), 2 shear (12 + 14) and 4
transverse extension (20–23) modes in the ﬁrst-order analy-
ses, and (i2) 6 conventional (3–8) modes in the buckling anal-
yses  the GBT and ANSYS values never differ by more than
3.7%. Moreover, there is also a remarkable resemblance
between the ANSYS buckling mode shapes and the GBT modal
amplitude functions, shown in Figs. 12 and 13, respectively.
Note, however, that the latter representations provide more
in-depth insight on the beam buckling mechanics, namely
on how they are affected by the point of load application.
(ii) The load applicationeffects aremore signiﬁcanton the critical
buckling load value than on the corresponding mode shape.
Indeed, it is very hard to distinguish between the two critical
bucklingmodes of the L = 90 cm and L = 150 cm beams. How-
ever, the corresponding top and bottom critical bucking loads
differ by 65% (L = 90 cm) and 38% (L = 150 cm).
(iii) The critical buckling loads and mode shapes provided by the
simpliﬁed GBT formulation, including only 6 conventional
modes (3–8), practically coincide with those yielded by its
‘‘exact’’ counterpart for theL = 90, 120, 150 cm beams  crit-
ical load overestimations not exceeding 4.8% with respect to
the ANSYS values. As expected, for the shorter (L = 30, 60 cm)
beams, the two GBT formulations lead to quite different
results.
(iv) The difference mentioned in the previous item is clearly due
to the inadequacy of the simpliﬁed GBT formulation to cap-
ture the inﬂuence of the load point of application on the geo-
metric stiffness associated with the local deformation
modes. Indeed, while the simpliﬁed/approximate model
assumes, in this case, uniform compressive (top loading)
and tensile (bottom loading) pre-buckling transverse normal
stresses in the cross-section top or bottom half-heights, the
real stress distributions are far from uniform  e.g., see those
concerning the L = 30 cm beams, depicted in Fig. 15(a) and
(b). On the other hand, these ﬁgures clearly show that the
‘‘exact’’ formulation captures the non-uniform transverse
normal stress distributions quite accurately, thus leading
to equally accurate short beam buckling results.
(v) In this case, the use of the simpliﬁed GBT involves about 50%
of the computational effort required by its ‘‘exact’’ counter-
part. However, in the short beams, which exhibit local defor-
mations below or above the load point of application, the
buckling results provided by the simpliﬁed formulation can-
not be ‘‘trusted’’, and one should resort to employing the
‘‘exact’’ formulation.
4.2. Hat-section cantilevers
This section addresses the buckling behaviour of HS120  60
(cross-section dimensions given in Fig. 1) cantilevers of lengths
Table 1
GBT and ANSYS strip beam critical buckling loads (kN).
Length (cm) 30 60 90 120 150
Load application Top Bottom Top Bottom Top Bottom Top Bottom Top Bottom
‘‘Exact’’ GBT formulation 72.04 261.87 26.23 52.69 13.09 21.62 7.81 11.57 5.19 7.15
Simpliﬁed GBT formulation 87.67 337.69 29.09 55.77 13.80 22.05 8.15 11.69 5.37 7.20
ANSYS 69.47 269.32 26.14 51.72 13.18 21.13 7.89 11.34 5.24 7.04
L=30cm L=90cm L=150cm 
Fig. 12. ANSYS 3D critical buckling mode representation for strip beams with L = 30, 90 and 150 cm loaded at the top and bottom longitudinal edges.
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Fig. 13. Mode amplitude functions of L = 30, 90, 150 cm strip beams loaded at the top and bottom longitudinal edges (‘‘exact’’ formulation).
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loads applied at the free end web-ﬂange or web-stiffener corners
(top and bottom tip loading). The main objective is to assess the
inﬂuence of the load position on the critical buckling load and
mode shape. While Table 2 shows the GBT and ANSYS critical loads
corresponding to the four lengths and two loadings, Figs. 16 and 17
show two buckling mode representations: (i) ANSYS 3D views and(ii) GBT modal amplitude functions /k(x), obtained with the
‘‘exact’’ formulation. The observation of these buckling results
prompts the following remarks:
(i) Once again, there is a virtual coincidence between the criti-
cal loads yielded by the ANSYS and ‘‘exact’’ GBT analyses (all
differences below 3.3%)  the latter now involve 20 beam
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Fig. 14. Mode amplitude functions of L = 30, 90, 150 cm strip beams loaded at the top and bottom longitudinal edges (simpliﬁed formulation).
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Fig. 15. Pre-buckling transverse normal stresses in the mid-span cross-section (ANSYS and ‘‘exact’’ GBT formulation) and regions (ANSYS) of the L = 30 cm beam for (a) top and
(b) bottom loading.
Table 2
GBT and ANSYS cantilever critical load values (kN).
Length (cm) 25 50 100 200
Load application Top Bottom Top Bottom Top Bottom Top Bottom
‘‘Exact’’ GBT formulation 33.86 94.95 28.17 50.08 10.95 15.31 2.15 3.46
Simpliﬁed GBT formulation 32.78 103.84 28.30 55.01 11.29 15.44 2.15 3.52
ANSYS 34.60 98.11 28.97 51.61 10.85 15.27 2.11 3.43
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shear (17 + 19) and 5 transverse extension (29 + 31 +
32 + 34 + 37) modes in the ﬁrst-order analyses, and (i2) 11
conventional (3–13) modes in the buckling analyses.
Moreover, it can also be observed that there is a very close
agreement between the two buckling mode representations.
(ii) There is a clear difference between the critical buckling
loads and mode shapes associated with top and bottom
loading. The critical loads corresponding to bottom loading
may exceed their top loading counterparts by more than
180% (L = 25 cm). In either case, the critical buckling modesexhibit relevant contributions from global, distortional and/
or local deformation modes.
(iii) The shorter (L = 25, 50 cm) and longer (L = 100, 200 cm) canti-
levers buckle in modes (iii1) triggered by the web localised
instability and combining symmetric distortion (5) and local
(7,9,11,13) deformations, and (iii2) involvinganti-symmetric
global (3 and 4), distortional (6) and local (8 and 10) deforma-
tion modes.
(iv) The larger buckling deformations occur (iv1) in the free end
region, for top loading, and (iv2) in the vicinity of the support
and at mid-length, for bottom loading.
L=25cm L=50cm L=100cm L=200cm 
Fig. 16. ANSYS critical buckling mode shapes for the four cantilever lengths and two loadings under consideration.
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tions of the longer (L = 100, 200 cm) cantilever critical loads.
The differences are a bit more perceptible for the shorter
(L = 25, 50 cm) cantilevers: 5.3% and 2.3% underestimations
(top loading), and by 5.8% and 6.6% overestimations (bottom
loading). This is due to the fact that the shorter cantilever
buckling modes involve relevant participations from the
local deformation modes in the free end (loaded) cross-
section.
4.3. Two-span I-beams
Next, the buckling behaviour of two-span symmetric beams
with (i) lengths L = 400 cm (2  200 cm) and L = 800 cm
(2  400 cm), and (ii) I300  150 cross-sections is investigated.
The beams are acted by two identical mid-span transverse
point loads, applied at either the top or bottom ﬂange-web
corner. Concerning the support conditions, (i) the end sections
are locally/globally pinned and can warp freely, and (ii) all in-plane
cross-section displacements are fully restrained at the intermedi-
ate support.
While Table 3 compares the GBT and ANSYS beam critical loads
corresponding to the two lengths and two loadings, Fig. 18(a)
and (c) (L = 400 cm) and Fig. 19(a) and (b) (L = 800 cm) show the
(i) ANSYS 3D views and (ii) GBT modal amplitude functions /k(x)
(‘‘exact’’ formulation) concerning the buckling mode shapes of
the four beam-loading combinations. As for Fig. 18(b), it provides
3D representations of the L = 400 cm beam buckling mode shapes
yielded by the GBT analyses. After comparing these various sets
of beam buckling results, the following comments are appropriate:
(i) The ANSYS and ‘‘exact’’ GBT critical buckling loads are virtu-
ally identical once more (all differences below 3%)  in this
case, the GBT values are obtained with 28 beam ﬁnite
elements that include (i1) 8 conventional (2–7 + 10 + 11), 2
shear (18 + 22) and 5 transverse extension (32–36) modes
in the ﬁrst-order analyses, and (i2) 7 conventional
(3–7 + 10 + 11) modes in the buckling analyses. The two
buckling mode representations are again remarkably simi-
lar. Indeed, the comparison between those shown in
Fig. 18(a) and (b), concerning the L = 400 cm beams, pro-vides ample evidence of this striking resemblance (recall
that the GBT views are 3D representations of buckling
modes yielded by beam ﬁnite element analyses).
(ii) The closeness between the critical loads determined by
means of the ANSYS and ‘‘exact’’ GBT analyses stems again
from ability of the latter in capturing the pre-buckling web
transverse normal stresses accurately. This assertion is con-
ﬁrmed by looking at Fig. 20, which provides the transverse
normal stresses in the L = 400 cm beam mid-span region,
for top and bottom ﬂange loading, obtained from the ANSYS
and GBT analyses.
(iii) At this stage, it is worth noting that the GBT (iii1) 3D beam
buckling mode representations (Fig. 18(b)) and (iii2) pre-
buckling transverse normal stresses (Fig. 20) were obtained
through cubic approximations of the displacement and
strain ﬁelds, expressed as a linear combinations of the con-
tributions from the various deformation modes. Within each
ﬁnite element, these approximations are (iii1) based on val-
ues in additional 68 points, deﬁned on three rectangular
meshes (one per beam wall: web and two ﬂanges), and
(iii2) carried out using the AcadView post-processing code
developed by Paccola and Coda (2005).
(iv) The local deformation modes (5, 6, 7, 10, 11) have visible
contributions to the L = 400 cm beam critical buckling
modes. While the instability of the beam loaded at the top
ﬂange is triggered by localised web buckling occurring in
the close vicinity of the loaded cross-section, the buckling
pattern of the beam loaded at the bottom ﬂange is governed
by the local deformation of the web and compressed ﬂange
taking place in the neighbourhood of the intermediate sup-
port (beam central region).
(v) Although the L = 800 cm beam critical buckling is clearly glo-
bal (lateral–torsional  dominance of deformation modes 3
and 4), there are also minor participations from local defor-
mation modes (5 and 6), perceptible in the vicinity of the
loaded cross-sections (top ﬂange loading) or near the inter-
mediate support (bottom ﬂange loading)  see the modal
amplitude functions in Fig. 19(b). Note also that such local
deformations are barely visible in the ANSYS 3D views dis-
played in Fig. 19(a) and would certainly remain unnoticed
without the information provided by the GBT analyses.
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Fig. 17. Mode amplitude functions of cantilevers with four lengths under (a1a4) top and (b1b4) bottom loading.
Table 3
GBT and ANSYS two-span beam critical load values (kN).
Length (cm) 400 800
Load application Top Bottom Top Bottom
‘‘Exact’’ GBT formulation 250.96 644.37 65.65 278.13
Simpliﬁed GBT formulation 225.68 623.21 61.78 265.75
ANSYS 244.69 652.56 64.18 276.39
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in the previous two items, it is just logical to expect the sim-
pliﬁed GBT approach (vi1) to provide accurate buckling loads
for the L = 400 cm beam loaded at the bottom ﬂange and the
two L = 800 cm cm beams, and (vi2) to lead to some discrep-
ancy for the L = 400 cm cm beam loaded at the top ﬂange.
Indeed, Table 3 shows that the differences, with respect to
the ANSYS values, (vi1) fall below 4.5% in the ﬁrst three cases
and (vi2) reach 7.6% in the remaining one (still a quite
acceptable estimate).
4.4. ‘‘L-shaped’’ frames
Two ‘‘L-shaped’’ frames exhibiting the geometry, support condi-
tions and loadings shown in Fig. 21 are analysed in this section the loadings consist of a vertical point load P applied at the beam
mid-span top or bottom ﬂange. The frames are formed by
equal-length (Lc = Lb = 600 cm) orthogonal members (column and
beam) with I300  200 cross-sections and connected by a
box-stiffened joint (web continuity). Concerning the support
conditions, (i) the column is always laterally unrestrained and
has a fully ﬁxed end support and (ii) the beam has a ‘‘fork-type’’
end support (locally/globally pinned and free-to-warp end
section). The two frames considered only differ in the fact that,
in one of them, the beam is laterally restrained by two intermedi-
ate point supports, located at the web-ﬂange corners of the Xb =
100cm cross-section  localised displacement restraints (see the
right hand side of Fig. 21).
Table 4 compares the ANSYS and GBT critical buckling loads of all
the frames analysed. As for Figs. 22(a) and (b) (unrestrained beam)
and 23 (a) and (b) (restrained beam), they provide two representa-
tions of the frame buckling mode shapes: (i) ANSYS 3D views and (ii)
‘‘exact’’ GBT modal amplitude functions. In this case, the ‘‘exact’’
GBT analyses involved 32 beam ﬁnite elements (8 in the column
and 24 in the beam), which include (i) 7 conventional (1–7), 2
shear (18 + 22) and 5 transverse extension (32–36) modes in the
ﬁrst-order analyses, and (ii) 7 conventional (1–7) modes in the
buckling analyses. This amounts to totals of 960 (ﬁrst-order analy-
ses) and 448 (buckling analyses) degrees of freedom  it is worth
(a)
(b)
(c)
Fig. 18. L = 400 cm two-span beam with top and bottom loading: critical buckling mode shapes yielded by (a) ANSYS and (b) ‘‘exact’’ GBT-based formulation, and (c) modal
amplitude functions.
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than 11,700 degrees of freedom.
The following conclusions can be drawn from the analysis of the
frame buckling results presented in Table 4 and Figs. 22(a) and (b),
23(a) and (b):
(i) The inﬂuence of the load application effects on the critical
buckling mode shape is more signiﬁcant in the restrained
frame. In the unrestrained frame, the critical buckling mode
is predominantly lateral–torsional (modes 3 and 4) for both
loadings  the very small differences between the two mode
shapes concern minor participations of local modes (5 and 6)
in the vicinity of the loaded cross-section. In the restrained
frame, on the other hand, the buckling mode switches from
(i1) predominantly lateral–torsional, for top ﬂange loading,
to (i2) mostly local (modes 5, 6, 7) and localised in the beammid-span region, for bottom ﬂange loading  in both cases,
the beam instability triggers the frame buckling.
(ii) The ANSYS and ‘‘exact’’ GB critical loads are practically identi-
cal once more (all differences below 2.4%). Moreover, there
is again a virtually perfect coincidence between the ANSYS
buckling modes and the GBT modal amplitude functions,
providing deeper insight on the frame buckling mechanics.
(iii) Since none of the unrestrained frame critical buckling modes
involves web local deformation in the loaded cross-section,
the simpliﬁedGBTanalyses provide very accurate critical load
estimates (0.9% and 2.1% differences, for top and bottom
ﬂange loading)  the same applies to the restrained frame
subjected to top ﬂange loading (1.7% difference).Surprisingly,
in the restrained frame subjected to bottom ﬂange loading,
whose buckling mode involves heavy local deformation in
(a)
(b)
Fig. 19. L = 800 cm two-span beam with top and bottom loading: (a) critical buckling mode shapes yielded by ANSYS and (b) modal amplitude functions.
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Fig. 20. ANSYS and GBT pre-buckling transverse normal stresses (kN/cm2) in the mid-span regions of the L = 400 cm two-span beam loaded at the top and bottom ﬂanges.
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also provides a rather accurate critical load value (3.0% differ-
ence), only slightlyoutof linewith the remainingones this is
because in the exact location of the loaded cross-section (Xb
= 300 cm) there is virtually no local deformation.(iv) The inﬂuence of the load application point on the critical
buckling load is much higher in the unrestrained frame than
in the restrained one – critical buckling load increases asso-
ciated with moving the applied load from the top to the bot-
tom ﬂange of 126% and 35%, respectively.
c
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loading lateral intermediate
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Fig. 21. ‘‘L-shaped’’ frame geometry, support condition and loading.
Table 4
GBT and ANSYS frame critical load values (kN).
Frame Unrestrained Restrained
Load application Top Bottom Top Bottom
‘‘Exact’’ GBT formulation 48.75 106.41 86.24 112.57
Simpliﬁed GBT formulation 48.48 111.17 86.70 111.83
ANSYS 48.03 108.87 85.26 115.34
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This paper dealt with the development, ﬁnite element imple-
mentation and application of an enhanced GBT formulation in-Co
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Fig. 22. Unrestrained ‘‘L-shaped’’ frame: ANSYS and GBT critical motended to analyse the localised, local, distortional and global
buckling behaviour of thin-walled structural systems, such as con-
tinuous beams and frames, subjected to loadings that include
transverse loads applied at arbitrary cross-section points (not
necessarily at the shear centre)  e.g., loads acting on the top or
bottom ﬂanges of I-section beams. The effects stemming from
the transverse load position are accounted for through the incorpo-
ration of geometrical stiffness terms due to either (i) the internal
work done by the pre-buckling transversal normal stresses (‘‘ex-
act’’ formulation) or (ii) the external work done by the applied
transverse loads (approximate/simpliﬁed formulation). While the
former requires, prior to the buckling analysis, the performance
of a rigorous ﬁrst-order analysis, including conventional, shear-1.0
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Fig. 23. Restrained ‘‘L-shaped’’ frame: ANSYS and GBT critical mode representations for (a) top and (b) bottom ﬂange loading.
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volves a buckling analysis including the conventional deformation
modes.
Initially, the main concepts and procedures involved in the
determination of the structural system (member/frame) overall
linear and geometric stiffness matrices were described. Then, a
number of numerical results were presented and thoroughly
discussed, in order to illustrate the application and capabilities of
the proposed ‘‘exact’’ and approximate/simpliﬁed GBT formula-
tions, as well as the limitations of the latter. They concerned the
localised, local, distortional and global buckling behaviour of (i)
strip (thin rectangular) beams, (ii) hat-section cantilevers, (iii)
two-span I-beams and (iv) ‘‘L-shaped’’ frames built from I-section
members, all acted by transverse loads applied at two different
locations. The accuracy of the ‘‘exact’’ and simpliﬁed GBT buckling
results was assessed by means of the comparison with values
yielded by rigorous ANSYS shell ﬁnite element analyses. It was found
that the proposed ‘‘exact’’ formulation (i) invariably leads to very
accurate critical buckling loads and mode shapes and (ii) provides
in-depth insight on the structural system buckling mechanics,
through the deformation mode amplitude functions  indeed,
the buckling results obtained showed an excellent agreement with
the values yielded by the ANSYS shell ﬁnite element analyses, in
spite of the disparity between the numbers of degrees of freedom
involved. As for the simpliﬁed GBT formulation, which is even
more efﬁcient (computationally) than its ‘‘exact’’ counterpart, itwas shown to always (i) lead to almost perfect critical buckling
mode shapes and also (ii) to provide quite accurate critical buck-
ling loads, as long as the buckling mode does not involve heavy lo-
cal deformation in the transversally loaded cross-sections  if this
is the case, the accuracy of the critical buckling load estimate may
drop more or less signiﬁcantly. Since the simpliﬁed GBT formula-
tion provides practically exact critical buckling mode shapes, it is
possible to monitor the absence/presence of heavy local deforma-
tion in the transversally loaded cross-sections and, therefore,
either (i) ‘‘trust’’ the critical buckling load obtained or (ii) recognise
the need to perform an ‘‘exact’’ GBT buckling analysis.
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